Abstract. If a knot K in S 3 admits a pair of truly cosmetic surgeries, we show that the surgery slopes are ±2 or ±1/q for some q. Moreover, in the former case the genus of K must be two, and in the latter case there is an upper bound on q which depends on the genus and the Heegaard Floer thickness of K. As a consequence, we show that the cosmetic crossing conjecture holds for alternating knots (or more generally, Heegaard Floer thin knots) with genus not equal to two. We also show that the conjecture holds for any knot K for which each prime summand of K has at most 16 crossings; our techniques rule out cosmetic surgeries in this setting except for slopes ±1 and ±2 on a small number of knots, and these remaining examples can be checked by comparing hyperbolic invariants. These results make use of the surgery formula for Heegaard Floer homology, which has already proved to be a powerful tool for obstructing cosmetic surgeries; we get stronger obstructions than previously known by considering the full graded theory. We make use of a new graphical interpretation of knot Floer homology and the surgery formula in terms of immersed curves, which makes the grading information we need easier to access.
Introduction
Given a knot K in S 3 , two surgeries S 3 r (K) and S 3 r (K) with r = r are said to be cosmetic if S r (K) and S r (K) are diffeomorphic as unoriented manifolds, and truly cosmetic if S r (K) ∼ = S r (K) (here, and throughout the paper, ∼ = denotes orientation preserving diffeomorphism). Surgeries which are cosmetic but not truly cosmetic are called chirally cosmetic. Cosmetic surgeries are one way in which the surgery characterization of a 3-manifold can fail to be unique. Examples of chirally cosmetic surgeries are not difficult to find, but Gordon conjectured that there are no truly cosmetic surgeries on nontrivial knots [5, Conjecture 6 .1] (see also [13, Problem 1.81 A] ). This conjecture is stated more generally for knots in arbitrary 3-manifolds, with the notion of truly cosmetic surgery suitably extended, but we will only consider the case of knots in S 3 .
Conjecture 1 (Cosmetic Surgery Conjecture in S 3 ). Let K be a nontrivial knot in S 3 . If r = r , then S 3 r (K) ∼ = S 3 r (K).
The conjecture can be viewed as a generalization of the knot complement problem, solved by Gordon and Luecke [4] , which states that no pair of cosmetic surgeries contains the trivial surgery S 3 ∞ (K). In addition to this, several partial results related to Conjecture 1 are known. Boyer and Lines used surgery formulae for Casson-Walker and Casson-Gordon invariants to place a restriction on ∆ K (t) for knots K admitting truly cosmetic surgeries [1] . Much of the recent progress on Conjecture 1 has made use of Heegaard Floer homology, which has lead to several results obstructing cosmetic or truly cosmetic surgeries. For any pair of truly cosmetic surgeries, the surgery slopes were shown first to have opposite signs [18, 23] , and then to in fact be opposite [14] . If K admits truly cosmetic surgeries, then the genus of K is not one [22] and the knot Floer homology of K satisfies certain additional constraints [14, 3] .
Heegaard Floer homology has already proved to be a very powerful tool at distinguishing surgeries, but it has not been used to its full potential. Each application to the cosmetic surgery conjecture mentioned above uses only partial information from Heegaard Floer homology, either the total rank
The author was partially supported by NSF grant DMS-1812527 .
of HF [18, 23] , the d-invariants [22, 14] , or the Euler characteristic of HF + red [14, 3] . We will harness (almost) all of the information in Heegaard Floer homology to obtain much stronger obstructions to truly cosmetic surgeries. In particular, we consider the isomorphism type of HF as an absolutely graded vector space, which amounts to keeping track of the grading for each generator in addition to the rank. This is facilitated by a recent reinterpretation of Heegaard Floer invariants for manifolds with torus boundary in terms of collections of immersed curves due to the author, Rasmussen, and Watson [8, 9] . In particular, this provides a combinatorial framework which makes comparing gradings for surgeries on knots easier. Our main result is the following:
3 is a nontrivial knot and S 3 r (K) ∼ = S 3 r (K) for r = r , then
• The pair of slopes {r, r } is either {±2} or {± 1 q } for some positive integer q; • if {r, r } is {±2} then g(K) = 2, where g is the Seifert genus;
• if {r, r } is {± , where th(K) is the Heegaard Floer thickness of K.
By Heegaard Floer thickness, we mean the difference between the maximal and minimal δ-grading in HFK . A knot is Floer homologically thin if th(K) = 0, that is if only one δ-grading is occupied (we will simply refer to such knots as thin). It is already known that g(K) = 1 [22] . Note that if g(K) > 2 and th(K) < 6, then the above condition implies q < 1, which is impossible. Thus for any knot K with th(K) ≤ 5 and g(K) = 2, the cosmetic surgery conjecture holds. A great many knots have th(K) ≤ 5: alternating and quasialternating knots, being thin, are in this category, and direct computation reveals that for any prime knot K with at most 16 crossings, th(K) ≤ 2.
Further conditions must be satisfied by the knot Floer homology of K for truly cosmetic surgeries to exist. These conditions require some more definitions to state in general (see Section 5) , but in the case of thin knots they can be stated in terms of the Alexander polynomial and signature.
Theorem 3. If a nontrivial knot K ⊂ S 3 is thin (in particular if K is alternating or quasialternating) and admits a pair of truly cosmetic surgeries, then ∆ K (t) = nt 2 − 4nt + (6n + 1) − 4nt
for some positive integer n, σ(K) = 0, and the surgery slopes are ±1 or ±2.
We remark that Theorem 3 is the best statement possible for thin knots using only Heegaard Floer homology. That is, if K is thin, ∆ K (t) = nt 2 − 4nt + (6n + 1) − 4nt −1 + nt −2 , and σ(K) = 0, then the pairs {S The rest of the paper is organized as follows. In Section 2 we describe knot Floer homology and review its relevant properties. This section is recommended even for readers already familiar with knot Floer homology, as our description of the invariant is not the usual one. In particular we describe knot Floer homology as a decorated collections of immersed curves, a perspective that we will use throughout the paper. Section 3 addresses the Cosmetic Surgery Conjecture and briefly reviews some existing results; this is not meant to be a comprehensive survey of the subject, but rather focuses on results which use Heegaard Floer homology and on which our arguments build. In Section 4 we introduce our main obstructions and prove Theorem 2. Section 5 refines these results and provides several explicit obstructions to a knot admitting truly cosmetic surgeries; in particular, we prove Theorem 3. Finally, in Section 6 we verify the conjecture for arbitrary connected sums of knots up to 16 crossings, proving Theorem 4.
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Knot Floer homology
Knot Floer homology was defined by Oszváth and Szabó [16] and independently by J. Rasmussen [20] . We will use a description of this invariant for knots in S 3 in terms of immersed curves; this is rather different from the original formulation, though it carries equivalent information. We will primarily be interested in a weaker form of the invariant, which we call Γ(K) and which is equivalent to the U V = 0 truncation of the knot Floer complex. The U V = 0 truncation of knot Floer homology is also equivalent to bordered Floer homology of the knot complement, and an immersed curve description of this invariant is due to the author, Rasmussen, and Watson [8, 9] (the case of knot complements is discussed specifically in [9, Section 4] ). In particular, the invariant denoted Γ(K) in this paper agrees with HF (M ) with M = S 3 \ ν(K) in the notation of [8, 9] . For readers unfamiliar with bordered Floer homology, a bordered free construction of the immersed curves Γ(K) will appear in a forthcoming paper by the author [6] . This construction has the advantage that it can be strengthened to a decorated curve Γ(K) capturing the full knot Floer complex CFK ∞ (K). We will not need this stronger invariant in the present paper, though we will need to make use of the construction in [6] in one small way (see Proposition 15) .
We will now describe the invariant Γ(K). Throughout we work with coefficients in F = Z/2Z. We begin by setting notation for the spaces in which the curves Γ(K) appear. Let T denote the torus marked with a chosen pair of parametrizing curves µ and λ and a single marked point w, which we may take to be the intersection of µ and λ. Let T denote the infinite cyclic covering space of T in which λ lifts to a loop and µ does not, and letp : T → T denote the covering map. We will identify T with (R/Z)×R, where the lifts of λ and µ are horizontal and vertical, respectively, and the preimages of w are the points (0, s − 1/2) for integers s. Let T denote the universal covering space R 2 with covering map p : T → T . By slight abuse, we will often refer to the vertical line through the marked points in T (or through a column of marked points in T ) as µ, though it is really a lift of the curve µ in T . Finally, we will use T • , T • , and T • to denote corresponding punctured surfaces obtained by removing the marked points. We may conflate punctures and marked points at times, the only distinction is that we use marked points if we want to allow disks to cover these points and we use punctures otherwise.
2.1. The knot Floer invariant. To a knot K in S 3 , we associate a collection γ = {γ 0 , . . . , γ n } of oriented immersed curves in T • ; γ is an invariant knot K, up to regular homotopy and reindexing of the curves (note that we work in the punctured cylinder T • rather than marked cylinder T , meaning that the curves and homotopies are required to avoid the punctures). Γ(K) denotes this multicurve along with two extra decorations: (1) each curve may be decorated with a local system, and (2) the multi-curve carries decorations to encode relative grading data. We remark that the first decoration is not relevant to the arguments in this paper, though we describe it here for completeness. Moreover, it is still unknown whether the local system decoration is nontrivial for any knot in S 3 . In contrast, the second type of decoration will play a crucial role. This Maslov grading decoration for immersed curves in the context of bordered Floer homology is discussed in detail in [9, Section 2]; see also [6] for the special case of Γ(K).
Local systems: If a curve γ i is homologous in T • to k i copies of some primitive curve γ i , then we will assume that γ i is realized by k i parallel copies of γ i outside of a small region, in which the curve crosses itself k i − 1 times as shown in Figure 1 (a). Then each curve γ i is decorated with a subset of these k i − 1 self intersection points. Note that for a primitive curve this decoration is automatically trivial. The selected intersection points should be interpreted as places where a traveler along the negatively sloped segment the curve in the boxed region depicted in Figure 1(a) , is allowed to make a left turn. In the language of [8] , this means that we extend the curve γ i to an immersed train track and add two (oriented) edges near the selected intersection point, as shown in Figure 1(b) . Decorating a chosen subsection of intersection points by adding train track edges in this way determines a k i × k i invertible matrix with coefficients in F which counts immersed paths from the left to the right of the boxed region. By a local system we mean a similarity class of such matrices, which is equivalent to the subset of intersection points above since the matrix constructed in this way will be in rational canonical form. The local system associated to each curve in γ is also an invariant of K. Note that the pair of train track edges added at an intersection point is equivalent to a single "crossover arrow", in the shorthand notation of [8] , and using the arrow sliding moves the whole configuration can be replaced with k i parallel copies of γ i with some crossover arrows between parallel strands. This also defines a matrix, which is similar to the one constructed above.
Maslov Gradings: The multicurve γ can be enhanced with extra decorations in order to encode some (relative) grading information. In fact, the desired information is already contained in the immersed curve for any single component γ i of γ, so extra decorations are only required to capture relative gradings between different components. There are multiple ways to encode this information, the approach we describe here is to add labeled arcs to γ connecting different components. More Figure 1 . We assume that non-primative curves are arranged as shown in (a) and decorated with a subset of the intersection points in the boxed region. To each chosen intersection point we add a pair of edges as pictured in (b), or equivalently a crossover arrow in the notation of [8] . Counting (smooth) paths from the left side of the boxed region to the right determines a matrix, which can be interpreted as a local system. precisely, we extend the multicurve γ to an immersed graph γ gr , which contains γ as a subgraph and all of whose vertices are contained in γ, but which also contains some number of edges connecting vertices on different curve components. We will refer to these new edges as grading edges, and they should be ignored expect for the purposes of computing gradings. We require that the grading edges are tangent to γ at their endpoints, so that γ gr is in fact an immersed train track (recall that a train track is a graph for which all incident edges at any vertex are mutually tangent). Moreover, we require the ends of the grading edges to be consistent with the relative orientations on the curves, in the sense that a smooth path which runs over an edge connecting γ i and γ j either follows the orientation on both curves or opposes the orientation on both curves. Grading edges themselves are directed (this direction is not required to agree with the orientation on the curves) and labeled with an integer weight.
We say that a set of grading edges on γ is complete if γ gr is connected as a graph. We say that a set of grading edges is consistent if, for any closed (not necessarily smooth) path P in γ gr , (1) − rotation(P ) + winding(P ) + weights(P ) = 0, where rotation(P ) is 1 2π times the total counterclockwise rotation along the smooth sections of P , winding(P ) is the sum over marked points w in T of the winding number of P around w, and weights(P ) is the sum of the weights of all grading edges traversed by P , with the weight counted negatively if P traverses the grading edge backwards. More precisely, for the rotation and winding numbers to make sense, we only consider paths P which do not wrap around the cylinder; these can be viewed as paths in the marked strip obtained by cutting T open along the line { 1 2 } × R. We say that two complete sets of grading edges are equivalent if their union is consistent. With these definitions established, the grading decoration we will use on the multicurve γ to define Γ(K) is a complete consistent set of grading edges; this decoration is an invariant of K up to equivalence of sets of grading edges. For any complete set of grading edges and any additional oriented grading edge, there is a unique integer weight on the new edge which makes the combined set consistent. In particular, for any oriented edge connecting two components of γ, tangent to γ at each end in a way that is consistent with the orientation of the curves, we can choose a set of grading edges which contains this edge with some integer weight. If γ contains n + 1 curves, then a minimal complete subset of any complete set of grading edges contains n edges. We will generally choose a minimal complete set of grading edges, except that the convention established in [9] replaces each grading edge with a pair of edges as in Figure 2 , the shorthand for which is a bold arrow. We will call these pairs of grading edges grading arrows, and we will decorate γ with a minimal consistent set of grading arrows. Using both edges in a grading arrow is unnecessary but can be convenient. Note that a grading arrow can be labeled by a single weight, since consistency requires both edges in the pair to have the same weight. For examples of multicurves decorated with grading arrows, see Figure 3 .
Remark 6. Grading arrows are described in detail in [9, Section 2] (see also [6] for a slightly different description). Note that in [9] , grading arrows do not carry an integer weight; these arrows should be interpreted as having weight zero. By sliding arrows over punctures and changing the corresponding weights by one, it is clear that any configuration of weighted arrows can be replaced with an equivalent configuration of arrows which all have weight zero. Thus using weighted grading arrows is not necessary, but it is convenient as it provides greater freedom in which arrows we choose. Finally note that the arrow weights discussed here should not be confused with the complexity weights on crossover arrows used in the proof of the arrow removal algorithm in [8, Section 3.7] 2.2. Properties of Γ. Some examples of the invariant Γ(K) are shown in Figure 3 . For the unknot and the right hand trefoil, the invariant contains a single curve. The invariant for the figure eight knot consists of two curves decorated with a single grading arrow connecting them, while the invariant for 9 44 has five curves and four grading arrows. These examples demonstrate some general properties of Γ, which we now highlight.
(I) For a knot K in S 3 , the multicurve γ associated with Γ can be homotoped to have exactly one intersection with the line {
Said another way, there is one distinguished curve component, which we always take to be γ 0 , which wraps around the cylinder once, and all other components can be contained in a neighborhood of µ, the vertical line through the marked points. As in the examples in Figure 3 , γ 0 is always oriented left-to-right.
(II) The immersed curves in γ must be unobstructed, meaning that they do not bound any "teardrops," or one-cusped disks, which do not enclose a marked point. That is, there are no immersed disks in the punctured cylinder T • with boundary on some γ i ∈ γ such that the boundary is a smooth path apart from one acute corner at a self intersection point of γ i .
(III) The consistency condition for sets of grading arrows in (1) is stated as a condition that must hold for all closed loops in the train track γ gr which do not wrap around the puncture. We remark that this condition must in particular hold for each curve component γ i with i = 0, even before grading arrows are introduced, and this places restrictions on the allowed curves: for any closed curve with net zero rotation, the total winding number around punctures must also be zero. In particular, any figure eight shaped curve must enclose the same number of marked points on each side.
Remark 7. In the examples above, all of the curves γ i with i = 0 are figure eights wrapping around two adjacent punctures. This is not a general property of Γ, but it is incredibly common. In fact, this condition holds for all but one prime knot up to 15 crossings (the exception is 15n161130, for which Γ contains two components not of this form; they are still figure eight curves enclosing one marked point on each side, but they enclose non-adjacent marked points). Larger examples can be constructed with figure eight curves enclosing more than one marked point on each side, but the author has not yet found an example with a homologically trivial curve which is not a figure eight.
(IV) The decorated curve set Γ(K) is invariant under rotation by π about the origin, up to homotopy of curves and equivalence of grading arrows, except that the rotation flips the orientation of every curve. This is the geometric expression of a symmetry for bordered Floer invariants established in [9, Theorem 7] , which was proved earlier in the case of knot complements by Xiu [24] .
2.3. Invariants derived from knot Floer homology. Several interesting numerical invariants of K can be extracted from Γ. For example, the genus of K is the maximum height of an intersection of Γ with the vertical line µ through the marked points, assuming Γ is in minimal position with µ. Here we mean height in the discrete sense: an intersection point is said to occur at height s if its y-coordinate falls between the marked points at (0, s − There is a distinguished curve component γ 0 which wraps around the cylinder T and a distinguished intersection of γ 0 with µ, the first time γ 0 reaches µ after wrapping around the cylinder. The Ozsváth-Szabó τ invariant is the height of this first intersection point on γ 0 . Moreover, after γ 0 reaches this first intersection point, it can do one of three things: turn left (upward), turn right (downward), or continue straight. Hom's invariant (K) is 1, 0, or −1, respectively, in these three cases. Note that by symmetry γ 0 can only continue straight if the intersection was at height 0, so (K) = 0 implies τ (K) = 0. In this case γ 0 intersects µ only once and is homotopic to the simple horizontal line S 1 × {0} in the cylinder. τ and are both concordance invariants of K; in fact, it can be shown that the distinguished curve component γ 0 is itself a concordance invariant of K, up to homotopy of curves-note that τ and depend only on γ 0 .
In the arguments in this paper, it will be useful to quantify a few more aspects of the underlying multicurve γ for Γ. We will often assume that γ is "pulled tight" to form what [8] calls a peg-board diagram; roughly, this means that γ is a minimal length representative of its homotopy class up to the requirement that it stay some small fixed distance away from any puncture. Under this assumption, γ breaks into segments which connect punctures. Exactly one of these segments leaves a neighborhood of µ and wraps around the cylinder, while all other segments are (roughly) vertical of length one. We are interested in counting these vertical segments; let n s denote the number of vertical segments at height s and let n = s∈Z n s denote the total number of vertical segments. The unique non-vertical segment in γ is also of interest, and we will record the slope m of this segment. For example, consider the curve invariant for the knot 9 44 shown in Figure 3 . Each figure eight curve contributes two vertical segments, and we have m = 0, n 0 = 4, n 1 = n −1 = 2, and n s = 0 for all other s. Since they are derived from Γ, the quantities m and n s are invariants of the knot, though they are not new and can be described in terms of other invariants (e.g. m = 2τ (K) + (K)).
2.4. Γ(K) and bifiltered complexes. Readers who are already familiar with knot Floer homology will notice that the object defined above bears little resemblance to the original formulation of the invariant, which takes the form of a Z-graded, Z ⊕ Z-filtered chain complex CFK − (K) defined up to filtered chain homotopy equivalence. To reassure these readers that the two invariants are in fact equivalent, we pause to briefly describe how the knot Floer complex can be recovered from Γ(K). More accurately, we recover the so-called U V = 0 quotient of this complex, which records only the horizontal and vertical differentials in CFK − (K); the stronger invariant Γ(K) described in [6] , which is Γ(K) equipped with some extra decoration, would be required recover the full knot Floer complex.
Let Γ = Γ(K) be represented by the immersed multicurve γ along with decorations as described above, and let µ denote the vertical line through the marked points in T . We construct a complex C Γ over F[U, V ]/(U V = 0) whose generators are the intersection points of γ with µ, and whose differential counts immersed bigons for which the left boundary lies on µ and the right boundary is a path in γ. More precisely, for intersection points x and y in γ ∩ µ, a bigon from x to y is a homotopy classes of maps f :
, the negative real part of ∂D 2 maps to µ, the positive real part of ∂D 2 maps to γ, f is an immersion away from i, −i, and f (∂D 2 ) forms acute corners at x and y. Let N (x, y) denote the mod 2 count of such bigons. We are interested in recording how these bigons cover certain marked points. The marked points of T all lie on the line µ; we will push each of these points w slightly off of µ to the right, and add a new marked point z next to each just to the left of µ. For any homotopy class φ of maps as above, we define n z (φ) and n w (φ) to be the multiplicity with which a representative of φ covers the z's and w's, respectively. The differential then is given by
Since we set U V = 0 in our coefficient ring, the differential only needs to count bigons which cover either w marked points or z marked points, but not both. We note that to recover the full knot Floer complex, we would need to count bigons covering both types of marked points and we would not set U V = 0. However, if we attempt to construct such a complex using only Γ, ∂ 2 may not be zero. To correctly recover the knot Floer complex, we need to take into account some extra decorations in the stronger invariant Γ(K) (see [6] ).
We set an Alexander grading on the generators of C Γ , which are intersection points between γ and µ, by their height: for x ∈ γ ∩ µ, we define A(x) ∈ Z to be s if x lies between the marked points at (0, s − 
In addition to the Alexander grading, C Γ carries an integer Maslov grading M . This satisfies
These relationships determine M as a relative grading on each connected component of
The connected components of C Γ correspond directly to the component immersed curves in Γ. M can be extended to a relative grading on all of C Γ by considering bigons between µ and the train track γ gr obtained by including grading arrows with γ; we require that (2) still holds for these bigons, where running over a grading edge of weight k forward (resp. backward) counts as covering both U and V k times (resp. −k times). That is, if there is a bigon from x to y whose left boundary lies in µ and whose right boundary is a smooth path in γ gr which covers w marked points n w times and z marked points n z times, and for which k is the sum of the weights (counted with sign) of all grading edges traversed on the boundary of the bigon traveling from x to y, then
We can always assume that all grading arrows in Γ lie completely to the right of µ or completely to the left of µ, so to determine the relative Maslov grading it is sufficient to consider bigons which cover only w's or only z's, and which include at most one grading arrow. That said, (3) applies for bigons covering both types of marked points, and can in fact be generalized to the following formula for the grading difference between any two generators:
Definition 8. For x, y ∈ γ ∩ µ, let P 1 be a path (not necessarily smooth) from x to y in γ gr , let P 2 be a path from y to x in µ, and let P be the concatenated path P 1 P 2 . P is a closed path which is smooth apart from right corners at x and y and possibly one or more cusps. Let rotation(P ) denote 1 2π times the total counterclockwise rotation along the smooth sections of P , let winding w (P ) denote the net winding number of P around w marked points, and let weights(P ) be the sum of weights (counted with sign) of all grading edges traversed by P . Then
Note that the mod 2 reduction of the (relative) Maslov grading is determined by the sign of the intersection points in γ ∩ µ. It is clear that the completeness condition on sets of grading arrows ensures that this relative grading is defined for all generators, and the consistency condition ensures that the relative grading is well defined. Finally, this relative grading can be promoted to an absolute grading by noting that there is a special generator of C Γ , the first intersection of γ 0 with µ after γ 0 wraps around the cylinder; we set the Maslov grading of this generator to be 0.
As originally defined, the knot Floer complex
The first filtration is given by negative powers of U , while the second, the Alexander filtration, is recorded separately. The Alexander filtration is determined by an Alexander grading on the generators, together with the fact that multiplication by U lowers the filtration level by one. It is convenient to add a second formal variable V to keep track of the Alexander filtration, giving rise to a complex generated (with the same generating set) over
, with the two filtrations given by negative powers of U and V , respectively. The original definition is then recovered from this by setting V = 1, though the new complex is bigger as many powers of V can be attached to the same element of CFK ∞ (K). To get a complex over
, which is at Alexander filtration level A(x). Terms in the differential that fix the algebraic filtration level (resp. the Alexander filtration level) are referred to as vertical arrows (resp. horizontal arrows); setting U V = 0 amounts to counting only horizontal and vertical arrows. C Γ as defined above recovers this U V = 0 quotient complex.
Example 9. Consider the figure eight knot, whose invariant Γ is shown in Figure 3 . To recover the knot Floer complex, we would draw the vertical line µ through the marked points and notice that there are 5 intersections with µ; label these a, b, c, d, e from top to bottom as they appear in Figure  3 . The Alexander grading is 1 for a, 0 for b, c, and d, and −1 for e. There are two bigons to the left of µ contributing V b to ∂a and V e to ∂c, and there are two bigons to the right of µ contributing U a to ∂c and U b to ∂e. The distinguished generator with Maslov grading 0 is d. Including the grading arrow, there is a bigon on the right of µ from d to a which covers the marked point w once and whose boundary runs over the grading arrow (which has weight 0), implying that M (a) = 1. The bigons mentioned previously imply that M (b) = M (c) = 0 and M (e) = −1.
Remark 10. The discussion above shows that it is fairly straight forward to construct a U V = 0 bifiltered complex from a decorated set of immersed curves. The converse, that any U V = 0 bifiltered complex can be represented by a decorated set of immersed curves and that this representation is unique in an appropriate sense, is more difficult. This follows from the main Theorem in [8] , which proves a related result for type D structures, since the U V = 0 quotient of CFK ∞ (K) is equivalent to the bordered Floer invariant of the knot complement CFD(S 3 \ ν(K)). See also [6] for a proof which does not pass through bordered Floer homology. Γ(K) is defined to be the decorated immersed curve which represents the U V = 0 quotient of CFK ∞ (K).
Surgery formula.
A key strength of the knot Floer homology package is that there is a simple way to recover the Heegaard Floer homology of any Dehn surgery on a knot K. In particular, HF (S CF (p( Γ), ) generated by intersection points whose differential counts immersed bigons with right boundary onp( Γ) and left boundary on . We do not allow bigons to cover the marked point (we indicate this by taking Floer homology in the punctured torus T • rather than the marked torus T ). We count bigons whose boundary includes crossover arrows associated with the local system decoration on Γ (see Figure 1 (b)), though we will see that including these bigons in the differential has no effect on the resulting homology if is not horizontal, so in practice the local systems on Γ can be ignored. In contrast, we do not count bigons whose boundary runs over a grading arrow so the Maslov decoration has no effect on the differential, but it will be used to define gradings on the resulting complex.
There are two types of grading information on intersection Floer homology. First, CF (p( Γ), ) decomposes into spin c summands, where generators x and y are in the same summand if and only if the loop P formed by concatenating a path from y to x in followed with a (not necessarily smooth) path from x to y inp(γ gr ) (that is, inp( Γ) with grading arrows included) is nullhomologous. This decomposition is easier to understand by lifting to the covering space T • , where we take Floer homology of Γ with lifts of ; to recover the same complex we must use multiple different lifts of , and the spin c summands are precisely the Floer homology of Γ with any one lift of . On each spin c summand there is also a (relative) Maslov grading, where the grading difference M (x) − M (y) is defined exactly as in Definition 8. The general form of the grading difference can be cumbersome, but in practice it is sufficient to consider bigons which involve at most one grading arrow, possibly with a cusp at one end of the grading arrow.
Lemma 11. Suppose x to y are connected by an immersed region bounded between γ gr and a lift of which is (a) a bigon not involving a grading arrow, (b) a bigon whose γ gr boundary is a smooth path traversing one grading arrow of weight m, or (c) a cusped bigon whose γ gr boundary traverses one grading arrow of weight m with a single left turning cusp, as pictured in Figure 4 . Suppose in any case that the region covers k marked points (counted with multiplicity). Then the Maslov grading difference M (y) − M (x) is given by −1 + 2k in case (a),
Proof. This follows from the general formula for M (y) − M (x); see (4) . In cases (a) and (b), the net counterclockwise rotation traversing the closed loop from x to y in γ gr and from y to x in is 2π, but since this includes two right angles at x and y the net rotation along the smooth segments is π; it follows that the term −2rotation(P ) in (4) is −1. In case (c) the extra cusp means that the net rotation along smooth segments in the boundary is 0. In each case the net winding number around the marked points is k, and in cases (b) and (c) the grading arrow contributes m to weights(P ).
The following theorem relates HF of surgery on a knot with intersection Floer homology as defined above. Recall that for p/q surgery on a knot K ⊂ S 3 there is a canonical identification of Spin c (S A direct consequence of this is that rk( HF (S 3 p/q (K))) is given by the minimal intersection in T • of p( Γ) and p,q . This is because all bigons not covering a puncture can be removed by pullingp( Γ) tight (here we need that no component ofp( Γ) is parallel to p,q to ensure admissibility, but this is
Recall that whenp( Γ) is pulled tight, then in the complement of a neighborhood of the puncture it can be viewed as a collection of some number n of length one vertical segments and a single nonvertical segment of slope m. Then we have the following expression for rk( HF (S Floer invariants, the homology of which is known to agree with HF (S 3 p/q , i). It is also possible to prove Theorem 12 without passing through bordered Floer homology. This is accomplished by perturbing i p,q so that the intersection Floer chain complex CF ( Γ(K), i p,q ) is identified with the complex X i in the mapping cone formula [18] , whose homology is also known to give HF (S 3 p/q , i). This identification was shown for large integer surgery in [9, Proposition 70] , and the full proof will appear in [6] .
While the two proofs are similar in spirit, this second proof has a few advantages since the mapping cone formula carries some information not available with bordered Floer homology. For example, the mapping cone formula recovers the absolute grading on HF (S 3 p/q , i) while bordered Floer homology can only give the relative grading. In addition, the identification of the Floer chain complex with the mapping cone formula can be generalized to one involving X + i instead of X i , so a version of Theorem 12 holds for + type invariants [6] . We will not need the absolute grading or + type invariants in the present paper, but we will make use of the identification mentioned in Remark 14 in one small way in Proposition 15 below; namely, we will use the fact that the subset of generators of HF ( Γ(K), i p,q ) arising from any one curve component γ i in Γ(K) can be identified with the subset of generators of S 3 p,q (K) arising from the mapping cone formula applied to direct summand of CFK ∞ (K) corresponding to γ i .
We will be interested in a special class of knots for which the bifiltered complex CFK ∞ (K) has a direct summand which looks like CFK ∞ (U ), where U is the unknot. That is, we require that for some choice of basis CFK ∞ (K) has a generator with no differentials in or out. In this case we will say that CFK ∞ (K) has an isolated generator. Note that CFK ∞ (K) having an isolated generator implies that the curve γ 0 in Γ(K) is homotopic to the horizontal curve wrapping around the cylinder once, but the latter condition is slightly weaker since γ 0 does not see diagonal arrows in CFK ∞ (K) (giving an immersed curve condition equivalent to having an isolated generator would require the stronger invariant Γ(K) and amounts to further imposing that γ 0 is not connected to any other γ i by the additional decorations in Γ(K)).
Recall Proof. In the mapping cone formula, the direct summands of CFK ∞ (K) give rise to direct summands for the mapping cone X i , and it is clear that to compute the d-invariant it is sufficient to consider only the unique non-acyclic summand of CFK ∞ (K) and the corresponding summand of the mapping cone. When CFK ∞ (K) has an isolated generator, the homology of this summand has rank one, so the d-invariant must be the grading of its only generator. We now appeal not just to Theorem 12 but also to the identification of CF ( Γ(K), 
This result is not at all surprising, but it does require the mapping cone formula proof of Theorem 12 since the bordered Floer approach gives no way of confirming that the obvious distinguished summand HF (γ 0 , i p,q ) should capture the d-invariant. We remark that this use of Remark 14 in the proof of Proposition 15 is the only essential dependence of the present paper on [6] .
Obstructing purely cosmetic surgeries
We now turn to a brief survey of some past results on which the arguments in the next section build. The first observation is that, since H 1 (S This result is a consequence of surgery formulas for the Casson-Walker invariant λ and the CassonGordon invariant τ :
where σ(K, p) = p−1 r=0 σ K (e 2iπr/p ) does not depend on q. If p/q and p/q are truly cosmetic surgery slopes, (6) implies that τ (L(p, q)) = τ (L(p, q ) ). For a lens space, τ (L(p, q) ) is a constant multiple of pλ (L(p, q) ), so in fact λ(L(p, q)) = λ (L(p, q ) ). Then (5) implies that either q = q or ∆ K (1) = 0.
Heegaard Floer homology entered the story when Ozsváth and Szabó constructed a surgery formula in terms of knot Floer homology [18] and used it to prove the following proposition. As a demonstration of the machinery that will be used in this paper, we present a proof which is essentially equivalent to the one in [18] but is reframed in the language of the immersed curve surgery formula.
Proof. We must have that rk(
where m is the slope of the non-vertical segment in Γ(K) and n is the number of vertical segments. By taking the mirror of K if necessary, we may assume without loss of generality that m ≥ 0. First suppose that q 1 and q 2 are both negative or that they are both positive and greater than p m . In either case, (7) simplifies to (m + n)q 1 = (m + n)q 2 . Since m + n > 0 for a nontrivial knot, this implies that q 1 = q 2 . Next suppose that q 1 and q 2 are both positive and smaller than p k ; in this case (7) simplifies to (n − m)q 1 = (n − m)q 2 . If q 1 = q 2 , we must have n = m, which implies that K is an L-space knot, and since p qi > m = 2g(K) − 1, the result of either surgery is an L-space. Finally, suppose that q 1 and q 2 are both positive, with mq 1 < p and mq 2 > p; (7) becomes p − mq 1 + nq 1 = mq 2 − p + nq 2 . This implies
. This is a contradiction, since n ≥ m.
In the case of truly cosmetic surgery on a knot K with Seifert genus equal to one, Ozsváth and Szabó in fact showed that the surgery must be an L-space [18, Theorem 1.4]. Wang ruled out this possibility, implying that the cosmetic surgery conjecture holds for all genus one knots [22] ; we will give a new proof of this fact in Section 4 (see Corollary 24) . Wu later ruled out the possibility that truly cosmetic surgeries are L-spaces for arbitrary knots [23] by observing that the restrictions on the Alexander polynomial of an L-space knot given in [17] , q) ) is a constant multiple of the Casson-Walker invariant λ(L(p, q)), and it was already noted that for a purely cosmetic surgery Equations (5) and (6) imply that λ(L(p, q)) = λ (L(p, q ) ). Thus
For a truly cosmetic surgery equality must hold, so V 0 (K) = H 0 (K) = 0. This in particular implies (i), and then by Proposition 13 rk( HF (S 3 p/q (K))) is a linear function of |q|, which implies (ii). , q) ), and an explicit formula for λ (L(p, q) ) showing that λ(L(p, q)) = 0 if and only if q 2 ≡ −1 (mod p).
In fact, the first conclusion is slightly understated, since the proof really shows that V 0 (K) = H 0 (K) = 0 [14, Theorem 2.5], and this is strictly stronger than τ (K) being zero. Hom showed that when this condition holds then CFK ∞ (K) has an isolated generator [12, Proposition 3.11] . Recall that by this we mean for some choice of basis CFK ∞ (K) has a single generator with no differentials in or out. Hom's paper also shows that the bifiltered chain complex CFK ∞ (K), taken up to filtered chain homotopy equivalence and up to adding and removing acyclic summands, is a concordance invariant from which all known Heegaard Floer concordance invariants can be derived; having an isolated generator is equivalent to this concordance invariant being trivial. In the language of immersed curves, CFK ∞ (K) having an isolated generator implies that γ 0 is the horizontal curve wrapping around the cylinder once; this in turn is equivalent to (K) being 0 and implies τ (K) = 0. To summarize, we have the following implications: It makes sense that the original theorem was stated in terms of τ only, as had not been defined at that time and the condition that V 0 = H 0 = 0 or that CFK ∞ has an isolated generator makes for a more cumbersome statement. However, this means that some implications of Ni and Wu's work, which has already found many wonderful applications, have been overlooked. For example, the following result follows immediately from Theorem 19 and a cabling formula of Hom [11, Theorem 2] , which says that of a cable is never zero:
Corollary 20. The cosmetic surgery conjecture holds for any nontrivial cable of a knot in S 3 .
This result was recently proved in [21] using Theorem 18 and Hom's cabling formula for τ [11,
Theorem 1] to rule out many cases, but other methods were needed to deal with cables for which τ = 0.
We end this section with a technical result that will be required later, related to one used by Ni 
where q is the unique integer 0 < q < p with≡ 1 mod p and [a 1 , . . . , a n ] is a continued fraction expansion for p/q. If this sum is 0, then considering the term in the brackets modulo p implies that q ≡ −q mod p and Theorem 18(iii) follows. We will at times be interested in only the first q d-invariants of L(p, q); below we show that when the sum of all p d-invariants of L(p, q) is zero, then the sum of the first q of them is nonzero.
Lemma 21. For p > q > 0 relatively prime and q 2 ≡ −1 (mod p), then
Proof. We will show that the sum is nonzero modulo 1/12. We use the recursive formula for dinvariants of L(p, q) given by Ozsváth and Szabó [15, Proposition 4.8]:
where r and j are the mod q reductions of p and i, respectively. In particular,
The third sum on the right hand side is simply d(L(q, r)), and it it is easy to see from (8) that this is an integer multiple of 1/12. The first sum on the right hand side, which evaluates to q/4, is also a multiple of 1/12, so it is enough to check that the second sum is not.
The second term in the expression on the right is 0, since the summands run evenly from q − 1 to −(q − 1). The final term is twice the sum of the first q 2 odd squares if q is even, or twice the sum of the first q−1 2 even squares if q is odd; in either case, the sum evaluates to
. Thus we need to show that
is not a multiple of 1/12. The first term clearly is, but the second term is not as long q 2 ≡ 1 mod p. This holds in particular when q 2 ≡ −1 (mod p), unless p = 2. We complete the proof by directly checking the case p = 2, q = 1: the claim holds since d(L(2, 1), 0) = 1/4 = 0.
New obstructions
Throughout this section we fix a knot K, and let Γ = Γ(K) with underlying set of immersed curves γ. We will assume that CFK ∞ (K) has an isolated vertex, which by Theorem 19 is necessary for K to admit a purely cosmetic surgery. In particular this means that the distinguished curve γ 0 in γ is horizontal. Theorem 19 also says that any pair of cosmetic surgery slopes are opposite, so we fix p, q > 0 relatively prime, and set Y + = S The results in the previous section primarily make use of the Casson-Walker and Casson-Gordon invariants, the total rank of HF , and the d-invariants, which can be viewed as the Maslov grading of one special generator of HF for each spin c structure. To extract more information and produce new obstructions, we will need to use the Maslov grading of all generators. In particular, the set of gradings of all generators of HF is an invariant, as is the partitioning of this set into subsets according to spin c structures. To avoid working with absolute gradings, we will define M rel (x) for x a generator
there is a distinguished generator in HF (Y ± , i) coming from the unique intersection point of γ 0 with σ(i) ). We will at times refer to the sum of all elements in these sets, which we denote ΣM rel (Y ) and ΣM rel (Y, s), respectively.
Remark 22. Both Spin
c (Y + ) and Spin c (Y − ) can be identified with Z/pZ in a way that is canonical given the surgery description, but this identification is not an invariant of the manifold. Thus even if Y + ∼ = Y − , the ith spin c structure of Y + need not agree with the ith spin c structure of Y − ; this is why the permutation σ is required above.
It is easy to see that the ranks of HF (Y + ) and HF (Y − ) agree. Indeed, since γ 0 is horizontal, the slope m of the non-vertical segment in Γ is 0, so by Proposition 13
Our main strategy for studying the sets of gradings described above is to define for each i ∈ Z/pZ a particular map φ i : HF (Y + , i) → HF (Y − , i) which is an isomorphism of non-graded vector spaces. In other words, φ i gives a one-to-one correspondence between generators of HF (Y + , i) and generators of HF (Y − , i). This correspondence does not preserve the relative grading M rel , even in the case that HF (Y + ) and HF (Y − ) are isomorphic as graded vector spaces; however we will be able to say explicitly how M rel changes under φ and we can use this to determine if the sets of gradings defined above are fixed. Combining these maps for all i gives a (non-graded) isomorphism φ :
We will assume that Γ is pulled tight; recall that outside of a neighborhood of the marked points each curve γ i with i = 0 consists of a collection of roughly vertical segments. We can perturb the curves slightly so that these are in fact parallel vertical segments (see Figure 5 ). Recall that n s denotes the number of these vertical segments at height s, and n = ∞ s=−∞ n s is the total number of vertical segments. When Γ is pulled tight in this way, it is clear that it intersects minimally with Figure 6 . The generator x corresponding to the marked intersection point has A(x) = 2 since the intersection lies on a vertical segment of height 2, and k(x) = 2 since the interior of the shaded triangle covers two marked points.
i∈Z/pZ HF red (Y ± , i). Of course, reduced Floer homology in the hat setting does not make sense in general, but in this case where we know that the distinguished generator x i 0 gives the d-invariant and corresponds to the tower in HF + , the analogy is appropriate.
For each generator x of HF red (Y + ), we are are interested in computing both M rel (x) and M rel (φ(x)) (for the distinguished generators x i 0 , both quantities are 0 by definition). x corresponds to an intersection point between i p,q for some i and a vertical segment of Γ. There are two integers we will associate with such an intersection point x. First, let A(x) denote the height of the relevant vertical segment. Second, after a slight perturbation we can assume that the vertical segment containing x lies exactly on the vertical line µ through the marked points of T and that the intersection point x can be viewed as an intersection point of µ and i p,q ; let k(x) denote the number of marked points, counted with multiplicity, in the interior of the triangle formed by µ, i p,q , and γ 0 . It is easiest to picture this triangle in the covering space T , as shown in Figure 6 . Using these quantities, we can compute the effect that the map φ has on the relative grading of x. Proposition 23. For a generator x ∈ HF (Y + , i) corresponding to an intersection of i p/q with a vertical segment in Γ, let A(x) and k(x) be the quantities defined above. Then
Proof. We will assume that A(x) ≥ 0; if A(x) < 0, the proof is exactly the same with all pictures rotated 180 degrees and A(x) replaced with |A(x)|. We will only work with γ 0 and the vertical segment containing x, and will ignore the rest of Γ. In order to compute M rel , we need the grading decoration on Γ. We can assume that the set of grading arrows contains an arrow which lies on the right side of µ and connects γ 0 to the bottom end of the vertical segment. This grading arrow carries some integer weight m. There are two cases to consider, depending on whether the vertical segment containing x is oriented up or down (note that we always assume γ 0 is oriented rightward). The first case is pictured on the left of Figure 7 ; in this case the grading arrow goes from γ 0 , to the right side of the vertical segment. Note that there is a bigon from x i 0 to x, shaded in the figure, which has no cusps, covers k(x) + A(x) punctures, and whose boundary runs over the grading arrow labeled by m. By Lemma 11(b)
The complement of the shaded region within the triangle in Figure 7 is a cusped bigon from φ(x) to φ(x i 0 ). This bigon covers k(x), and its boundary runs over the grading arrow backwards and has a single cusp, at the tail of the grading arrow. It follows from Lemma 11(c) that
, as desired. Note that the label of the grading arrow cancels out and does not end up affecting ∆ rel (x).
In the case that the vertical segment is oriented downward, the grading arrow must go to the left side of the vertical segment to be consistent with the orientations. The right side of Figure 7 shows the modified grading arrow we will use. The only difference is that the boundary of the shaded bigon now has one cusp while the bigon from φ(x) to φ(x i 0 ) can be drawn with no cusps. This change adds one to M rel (x) and also adds one to M rel (φ(x)), so it does not affect ∆ rel (x).
Note that k(x) is nonnegative, and that k( The above Corollary demonstrates how powerful Proposition 23 can be; we will use this Proposition to derive several more restrictions on the multicurve Γ. For example, Corollary 24 follows from the fact that if too many vertical segments are at height zero, the sum of all gradings will increase when φ is applied. On the other hand, it is easy to see that if less than half of all vertical segments are at height zero, then the sum of all gradings will decrease. To make this intuition more precise, recall that n s denotes the number of vertical segments of Γ at height s; by the rotational symmetry of Γ, n −s = n s . The number of generators x in HF red (Y ± ) with A(x) = s is q · n s . Since k(x) is always non-negative, Proposition 23 implies that
Armed with this information, we can show that large surgery slopes can never give truly cosmetic surgeries.
Theorem 25. Let K be a nontrivial knot in 
as ungraded vector spaces, where the first isomorphism is given by φ σ(i) . Because p q > 1, any line of slope p q intersects any vertical segment of Γ at most once. In particular, for q ≤ i < p, the line i p,q does not hit the vertical segments at height 1 at all, while for 0 ≤ j < q the line j p,q does hit the vertical segments at height 1. Thus we observe that for j < q and i ≥ q,
From (9), we have that
This difference in dimensions is strictly positive unless n s = 0 for all s > 1.
First suppose that n s > 0 for some s > 1, so that the above difference is positive for any j < q and i ≥ q. The spin c structures of Y + and Y − can thus be divided by rank into two subsets, with one set having the q largest dimensions of HF and the other set having the p − q smallest dimensions of HF , and for both Y + and Y − , these subsets are {0, . . . , q − 1} and {q, . . . , p − 1}. The permutation σ must fix these two sets; in other words, the first q spin c structures of Y + must correspond to the first q to spin c structures of Y − under any isomorphism of HF (Y + ) and HF (Y − ). In particular, the sum of the d-invariants of these first q spin c structures must agree. We have
It follows that the sum must be zero, but this is impossible by Lemma 21.
Now suppose that n s = 0 for all s > 1. It follows that g(K) = 2, since the maximum s for which n s = 0 is g(K) − 1, and g(K) cannot be 1 by Corollary 20. Since p/q > 1, k(x) = 0 for any x ∈ HF red (Y + ) (i.e. the relevant triangle does not cover any marked points). By Proposition 23,
These grading changes must cancel when we sum over all generators of HF red (Y + ), which implies that n 0 = n 1 + n −1 = 2n 1 .
There are five possible values of rk HF (Y + , i) depending on which vertical segments i p,q intersects, as shown in the table below; this partitions the set of spin c structures into five subsets. For each type, we can also compute the net change in relative grading, the sum of ∆ rel (x) over all generators x of HF red (Y + ).
heights of vertical segments hit by
Because σ can only permute spin c structures with the same rank, σ must fix the subsets of spin c structures corresponding to these five types. However, for any spin c structure of type (b), the total relative grading strictly increases when φ is applied; it follows that there can be no spin c structures of type (b). There can also be no spin c structures of type (d) for similar reasons. But if p/q > 2 there is at least one spin c structure of type (d), namely the one defined by i = q, and if 1 < p/q < 2 there is at least one spin c structure of type (b), namely i = 0. Either case gives a contradiction, so p/q must be 2.
Small slopes can be dealt with in a similar way. Note that for p/q < 1, the constant k(x) in Proposition 23 is at least
, where s = |A(x)|. Moreover, k(x) is strictly larger than this for at least one intersection point x with |A(x)| = s, provided there are any intersection points with |A(x)| = s. Since we require that ΣM rel (Y − ) − ΣM rel (Y + ) = 0, it follows that there exist constants a s ∈ Q with a −s = a s and a s > 2s 2 − 1 for s > 0, such that
The constants a s could be computed exactly for any fixed p/q, but we will not need this; in fact, we will only need that a s > 1 for all s > 0. 
where the last inequality uses (10) . In other words, the first r spin c structures have ranks strictly bigger than each of the remaining (p − r) spin c structures. It follows that the permutation σ corresponding to the reindexing of spin c structures under any isomorphism from HF (Y + ) to HF (Y − ) must preserve the first r spin c structures as a set. In particular,
As in the proof of Theorem 25, this implies that
But r ≡ q ≡ −1 (mod p), so this is impossible by Lemma 21.
Another powerful consequence of Proposition 23 is a bound on q and the g(K). Theorems 25 and 26 rely on the fact the sums of relative gradings ΣM rel (Y + ) and ΣM rel (Y − ) should agree, and thus for every generator x of HF red (Y + ) with ∆ rel (x) = −n < 0, there must be n generators y 1 , . . . , y n with ∆ rel (y i ) = 1. But the set of relative gradings is an invariant, not just its sum, so in fact Proof. Let V be the vertical segment in Γ containing x. We may assume there is a grading arrow in Γ moving upward from γ 0 to V , as shown in Figure 8 Let x 0 denote the intersection of γ 0 with µ, which by definition has Maslov grading M (x 0 ) = 0. If V is to the right of µ, there is a bigon from x 0 to x whose boundary traverses the grading arrow and which passes A(x ) marked points along µ; from this and (3) in Section 2.4 we compute
The bigon from x to x , which passes A(x ) − A(x ) marked points along µ, gives
If instead V lies to the left of of µ then a bigon from x 0 to x gives
and a bigon from x to x gives
The case that m = 2k is similar. The grading arrow must approach V from the left, as in Figure  8 (d), which adds a cusp to the boundary the bigons considered above which run over the grading arrow. This increases M (x ) and M (x ) by one (computing in terms of k), which decreases the δ gradings by one, but m is also increased from 2k − 1 to 2k, so the conclusion still holds.
We are now ready to prove the promised bounds on q and g(K). Recall that th(K) denotes the Heegaard Floer thickness of K; that is,
Proof. The maximum height attained by Γ is g so there are at least two vertical segments at height g − 1, one on either side of a maximum of Γ. Consider the highest intersection point of each of these two vertical segments with any A(x) = A(x ) = g − 1. Counting the marked points in the closure of the triangle in Figure 9 and removing those on the boundary gives
.
Let m be M rel (x); the small bigon from x to x covering one puncture tells us that M rel ( Theorems 25, 26, and 29 combine to give Theorem 2 in the introduction.
Explicit obstructions in terms of Γ
In addition to Theorem 2, it is helpful to have explicit conditions on a knot K, in terms of its knot Floer invariant, which ensure that K admits no truly cosmetic surgeries at all. One such condition comes from Theorem 19, namely that the curve γ 0 is horizontal. Another condition follows from the bounds in Theorem 2: if g = g(K) = 2 and th(K) + 2g < 2g(g − 1), then K admits no truly cosmetic surgeries. We have also seen that Proposition 23 and the fact that x ∆ rel (x) = 0 places constraints on the numbers n s of vertical segments in Γ(K) at height s, including the inequality (9) . In particular, if fewer than half of all vertical segments occur at height 0, then K cannot admit any truly cosmetic surgeries. In fact, this inequality can be improved to an equality with coefficients that depend on the surgery slopes; it is straightforward to compute these coefficients for the slopes allowed by Theorem 2.
As above, let n s be the number of vertical segments in Γ at height s.
• If r = 2, then n 0 = 2n 1
Proof. This is a straightforward consequence of Proposition 23 and the fact that x ∆ rel (x) = 0. Note that that for slope 1/q there are q intersections of line 1,q with any vertical segment at height s, and if we label these intersections by i = 0, . . . , q − 1, the constant k(x) for the ith intersection is
and the sum over all q of these points of 4k(x) + 2A(x) − 1 is
Note that since Theorem 2 places bounds on g(K) and n s = 0 for |s| ≥ g(K), the infinite sum above can be truncated for any particular example; for example, if q = 1 and g(K) ≤ 4 then the condition to check is n 0 = 2n 1 + 14n 2 + 34n 3 .
The conditions above are necessary for S 3 r (K) and S 3 −r (K) to have the same sum of all relative gradings. By considering the set of all relative gradings, we could impose further constraints on K. For example, in the case that r = 2, it is not enough to have two vertical segments at height 0 for each vertical segment at height 1, we also require that vertical segments at height 0 give rise to generators in S 3 r (K) that have grading one less than those coming from the vertical segment at height 1. Unfortunately it is difficult to state such conditions purely in terms of the knot Floer homology of K; this is partly because there is not a perfect correspondence between gradings of elements of the surgery coming from a vertical segment and gradings in knot Floer homology. In practice, to achieve this fine an obstruction on K it is easiest to simply compute absolutely graded HF (or HF + ) for each of the finitely many surgery pairs allowed by Theorem 2 and check if they agree for any pair. There is however one situation where it may be convenient to state constraints purely in terms of knot Floer homology, and that is when the underlying curve set for Γ consists only of γ 0 and figure eight curves which enclose adjacent marked points. As mentioned in Remark 7, this is common in practice.
A figure eight component γ i of γ intersects µ four times, corresponding to four generators of the knot Floer homology of K. These generators all have the same δ grading, so it makes sense to talk about the δ grading of the curve γ i . The height of a figure eight component is the height at which it is centered, which is the Alexander grading of two of the four generators. Let e d s denote the number of figure eight components in γ at height s with δ-grading d, and let e s = d∈Z e d s be the total number of figure eights at height s. Each figure eight curve contributes two vertical segments at height s, so if we assume γ 0 is horizontal and all other γ i 's are figure eights then n s = 2e s . We assume the self intersection in a figure eight curve γ i occurs below the vertical segments, as in Figure  10 , and with this understanding we will refer to the left and right vertical segments coming from γ i . The relative grading of γ i is determined by its δ-grading. In particular, if γ i is a figure eight at height s ≥ 0 with δ-grading d, we can add a consistent grading arrow from γ 0 to one of the vertical segments in γ i as shown in Figure 10(a,b) ; the arrow passes to the right of any marked points up to height s and ends on the right vertical segment and carries the weight Remark 31. This gives an alternative (and much simpler) way of encoding grading information in Γ(K) in the case that all curves other than γ 0 are figure eights: instead of decorating the set of curves with a collection of grading arrows, we can simply decorate each curve other than γ 0 with an integer, its δ-grading.
We now relate the δ-grading d of a figure eight component γ i at height s to the relative grading of generators of HF (Y + ) coming from γ i . Note that for each generator x coming from the right vertical segment of γ i , there is a corresponding generator x coming from the left vertical segment, as shown in Figure 10 
Proof. It is enough to consider only one generator of HF red (S Proof. By Theorem 2, we know that g(K) = 2, which implies e d s = 0 if |s| ≥ 2. We also know that the only possible truly cosmetic surgeries have slopes ±1 or ±2. In the first case, we apply Proposition 32 to get the desired result. For the latter case, note that intersections x between lines of slope 2 and figure eight components at height 1 or −1 still have k(x) = 0, and so M rel (x) and ∆ rel (x) are the same as in the slope 1 case, and the reasoning in the proof of Proposition 32 applies.
There is a sort of Heegaard Floer converse to this statement: if g(K) = 2, and e In the case of thin knots this condition can be given purely in terms of the Alexander polynomial, as stated in the introduction.
Proof of Theorem 3. We use Proposition 33, though since K is thin there is only one occupied δ-grading, which must be 0 if γ 0 is horizontal. For K to admit truly cosmetic surgeries, we must have some number n of figure eights at height 1 (and at height −1, by symmetry), and 2n figure eight components at height 0. It easy to compute ∆ K (t) from this information and see that it has the desired form. (Conversely, for thin knots Γ(K) is determined by ∆ K (t) and σ(K); for σ(K) = 0 and ∆ K (t) as in the conclusion of the Theorem, it is easy to check the γ 0 is horizontal, e We conclude this section by demonstrating that Theorem 2 cannot be improved using the present methods. We first note that there exist knots for which Heegaard Floer homology does not distinguish ±1 surgeries or ±2 surgeries. Consider, for example, the knot 9 44 (this example appeared in [18] ). Γ (9 44 ) is shown in Figure 3 ; γ 0 is horizontal and there are four figure eight components, with e There are other knots which satisfy the constraint in Proposition 33; Table 1 gives 337 such knots. Surprisingly, these are the only knots the author is currently aware of for which Heegaard Floer homology does not obstruct all truly cosmetic surgeries. In particular, an example for which HF (S 3 1/q (K)) ∼ = HF (S 3 −1/q (K)) with q > 1 or with g(K) > 2 has not yet been found. However, it is easy to construct a valid curve invariant Γ which would have this property, if it ever occurred as the invariant for a knot in S 3 . Namely, for any g and q, we could place a single figure eight at height g − 1 and, for symmetry, another at height (1 − g)), each of which produces a pair of points in the intersection with 1,q with some relative gradings m and m + 1 and some grading shift ∆ rel = −∆ < 0. We then add 2∆ figure eights at height 0, with 2 in each δ-grading from m − ∆ + 1 to m. It is straightforward to check that for the resulting decorated multicurve Γ, the Floer homologies HF ( Γ, 1,q ) and HF ( Γ, 1,−q ) agree as graded vector spaces.
Computational results
One important consequence of Theorem 2 is that for any given knot K, cosmetic surgeries on K are ruled out for all but possibly a finite number of pairs of slopes. In practice, cosmetic surgeries are obstructed outright for the vast majority of knots, and for the remaining knots the "finite number" of possible pairs that need to be checked is quite small, often just two. Thus checking the cosmetic surgery conjecture on any finite set of knots reduces to distingushing a small number of pairs of manifolds. Computing, say, hyperbolic invariants for these remaining pairs is very tractable, and often this is sufficient to rule out the remaining surgeries. To demonstrate this, we check the following:
Theorem 34. The cosmetic surgery conjecture holds for all prime knots with at most 16 crossings.
Proof. Using a program of Szabó 1 , we computed the U V = 0 knot Floer complex for all ≤ 16 crossing prime knots 2 . Recall that the U V = 0 knot Floer complex of K is equivalent to the immersed curve invariant Γ(K). We make two observations from these computations:
• The maximum thickness of any prime knot up to 16 crossings is two; and • For each genus two knot up to 16 crossings, Γ(K) contains only figure eight components besides γ 0 .
The first observation tells us immediately that we only need to consider genus two knots and we only need to consider the slopes ±1 and ±2. The second observation tells us that for these knots we can use the obstruction in Proposition 33.
There are 1, 701, 935 knots up to 16 crossings. We note that the results of Ni and Wu (specifically conclusiont (i) in Theorem 18, already verify the conjecture for over two thirds of these knots: after restricting to knots with τ (K) = 0, we are left with 449, 417 knots (requiring that = 0 rather than τ = 0 eliminates a further 38 knots, leaving 449, 379). It turns out that the obstructions coming from Theorem 2 are much stronger. Among knots with (K) = 0, requiring also that g(K) = 2 reduces the list to 3, 316. Finally, the obstruction in Proposition 33 rules out truly cosmetic surgery on all but 337 of these knots. The remaining knots are listed in Table 1 . Thus we have reduced to 674 possible pairs of cosmetic surgeries, ±1 and ±2 surgeries on each of these 337 knots.
This is the best that Heegaard Floer techniques alone can tell us; as noted in the previous section, for any knot K satisfying the constraint in Proposition 33, Heegaard Floer homology cannot distinguish S 3 +1 (K) from S 3 −1 (K), nor can it distinguish S 3 +2 (K) from S 3 −2 (K). So these last examples must be ruled out using other methods. Computing the hyperbolic volume for the manifolds in question using SnapPy, we find that this distinguishes every pair except for the surgeries on four knots: 10 33 , 16n600112, 16n786382, and 16n988939. Note that 10 33 is amphichiral, so S 3 r (10 33 ) and S 3 −r (10 33 ) can never be distinguished by hyperbolic volume (the remaining three knots may be amphichiral as well but we have not checked this). Fortunately, the ±1 and ±2 surgery pairs on each of these four knots are distinguished by the Chern-Simons invariant, also computed by SnapPy
The result above considers prime knots, but Theorem 2 is also very good at obstructing truly cosmetic surgeries on connected sums. In fact, with only a little more work, we can rule out cosmetic surgeries on all knots whose prime summands have at most 16 crossings. The following is equivalent to Theorem 4 stated in the introduction. Theorem 35. The cosmetic surgery conjecture holds for the connected sum of any number of prime knots each with ≤ 16 crossings.
Proof. Suppose that K has n > 1 prime summands, each with at most 16 crossings. If follows that g(K) ≥ n and that th(K) ≤ 2n, since both genus and thickness are additive with respect to connected sum and the maximum thickness for knots up to 16 crossings is two. Suppose ±r is a pair of truly cosmetic surgery slopes for K. If g(K) > 2, then by Theorem 2 we must have r = 1/q with q ≤ th(K) 2g(K)(g(K) − 1) + 1 g(K) − 1 ≤ 2n 2n(n − 1) + 1 n − 1 = 2 n − 1 .
Since q must be ≥ 1, it follows that n ≤ 3.
Moreover, if n = 3 then g(K) = 3 and q = 1. If n = 2 then g(K) = 2 but q can be 1 or 2; we also must consider the case that g(K) = 2 and r = 2. By Proposition 30, if n = 3 we require that e 0 = 2e 1 + 7e 2 , while if n = 2 we require e 0 = 2e 1 if r ∈ {1, 2} and e 0 = 6e 1 if r = 1/2.
We will need one more observation from our computations of Γ:
